Abstract. We extend the original Glimm-Effros theorem for locally compact groups to a class of Polish groups including the nilpotent ones and those with an invariant metric. For this class we thereby obtain the topological Vaught conjecture.
Preface
In this paper we consider equivalence relations induced by Polish groups acting continuously on Polish spaces. We improve on
Theorem (Sami). The topological Vaught conjecture holds for abelian Polish groups.
and extend to a class of groups much wider than abelian the dichotomy theorem established by Glimm and Effros in the locally compact case. In approximate order of presentation, the main results are:
Theorem. Let G be a nilpotent Polish group acting continuously on a Polish space. Then there are either only countably many orbits or 2 ℵ0 many (in fact, perfectly many).
This strengthens 0.1. Let E 0 be the Vitali-like equivalence relation on 2 N given by xE 0 y ⇔ ∃N ∈ N∀n > N(x(n) = y(n)).
Theorem. Let G be a Polish group admitting an invariant metric and acting continuously on a Polish space X. Then either the orbit equivalence relation is G δ , or there is a continuous one to one function f : 2
N → X such that ∀x, y ∈ 2 N xE 0 y ⇔ ∃g ∈ G(g · f(x) = f(y)).
The second alternative here is actually equivalent to the existence of a G-ergodic Borel probability measure that gives every orbit measure zero. This second alternative also implies that the orbit equivalence relation Borel reduces the Vitali equivalence relation, in the sense that there is a Borel function f : R → X such that ∀x, y ∈ R((x − y) ∈ Q ⇔ ∃g ∈ G(g · f(x) = f(y))). This corollary is analogous to a theorem by Vaught from model theory that states that no complete first order theory can have exactly two non-isomorphic models. As discussed in [Be] or 4.3 below, we can view the process of passing from a countable model to its theory as being one of assigning to a corresponding orbit its closure with respect to a suitable topology. Thus, Vaught's theorem states that a certain type of action cannot have exactly two orbits with a given closure, while 0.6 implies much stronger results for G as above. Again it is known that 0.6 fails for general Polish groups; see for instance 4.1, or compare 4.4 for an example that makes no appeal to model theory.
We in fact prove 0.3 and 0.4 for an entirely general class of Polish groups that includes nilpotent, locally compact, and invariantly metrizable. In §4 we show that these Glimm-Effros dichotomies cannot be extended to solvable Polish groups or Polish groups with a complete left invariant metric. Introductory remarks can be found in §1, where we recall some definitions and basic facts. We will assume at least a passing familiarity with descriptive set theory, along the lines of [Ke1] . In particular, we will make use of the Borel and projective hierarchies; the definitions of these hierarchies, as with other notions not defined in the course of the paper, can be found in [Ke1] and [Mo] .
We thank Alexander Kechris -not only for writing [Ke1] , but also for a number of helpful and thought provoking conversations on the subject matter of this paper, at all stages of its development. We also owe gratitude to the referee for a penetrating and thorough reading of this paper.
Background and notation
Recall that a topological space is said to be Polish if it is separable and it admits a complete metric. It is a well known fact that any G δ subset of a Polish space is again Polish; see for instance 3.11 of [Ke1] . (X, S) is a standard Borel space if there is a topology τ on X such that X becomes a Polish space with respect to τ and S is the σ-algebra of Borel sets for (X, τ ).
1.1 Definition. Let X be a Polish space and E ⊆ X × X be an equivalence relation. E has perfectly many classes if there is a perfect set P ⊆ X such that ∀x, y ∈ P (xEy ⇒ x = y). We let [x] E = df {z ∈ X : zEx} denote the equivalence class of x ∈ X. E 0 ⊆ 2 N × 2 N is given by the specification that xE 0 y if and only if ∃M ∈ N∀n > M(x(n) = y(n)). For E and F both equivalence relations, on X and Y respectively, we write E c F if there is a continuous injective function
It turns out that for Borel, or even Π 1 1 , equivalence relations one can prove an analog of the perfect set theorem for Borel sets. (Silver) . Let X be Polish and E ⊆ X × X a Π It is shown in [HaKeLo] that a very different kind of dichotomy theorem can be proved for Borel equivalence relations, having no parallel with any of the classical perfect set theorems: Let E be a Borel equivalence relation (on a Polish space X); then either E 0 c E or there is a Borel function θ : X → 2 ω such that
Theorem
This result built on earlier work of [Gl] and [Ef] that showed a stronger result under the additional assumption that E is induced by the continuous action of a locally compact group; see 1.6 below. 
; it is simply said to be invariant if it is both left and right invariant.
It is well known, and can be found in [BeKe2] , that any invariant metric on a Polish group G, compatible with the topology on G, is necessarily complete. It also follows by the same types of arguments that any abelian Polish group has a compatible invariant metric; indeed, it is natural to view the property of having an invariant metric as a topological approximation to the algebraic property of being abelian. A weaker notion is that of having a compatible complete left invariant metric. Here one can show that all locally compact Polish groups have a left invariant complete metric, but not in general an invariant metric. To put the later results in context, the reader should probably also be aware that not all nilpotent Polish groups admit an invariant metric. An all-purpose counterexample was pointed out by Alexander Kechris:
this is locally compact and nilpotent, but there is no invariant metric.
If G is Polish and H G is closed, then it follows that G/H is again a Polish group in the quotient topology; again, the reader can find a proof in [BeKe2] . If G is a Polish group and X is a Polish space equipped with some continuous action by G, then we will say that X is a Polish G-space . If X is a standard Borel space equipped with a Borel action by G, then we will say it is a Borel G-space. Here we mean that the action is Borel with respect to some Polish topology τ , compatible with X, in the sense that it is a Borel subset of G × X × X in the product topology one obtains from τ . We shall normally avoid all explicit mention of the action itself and draw no distinction between the Polish G-space and the underlying Polish space on which the action takes place.
Given G acting on X, in either of the two contexts above, we will let · denote the action, so that for g ∈ G, x ∈ X, g · x denotes the result of applying g to x. If A ⊆ G and B ⊆ X, then we set g · B = df {g · y : y ∈ B}, A · x = df {h · x : h ∈ A}, and A · B = {h · y : h ∈ A, y ∈ B}. We will say that a set B ⊆ X is G-invariant, or, when the context makes clear,
x} is the stabilizer of x; G x is always closed (clearly trivial in the case of continuous actions, this last fact was proved for Borel actions in [MiD] ). G · x is called the orbit of x. We let E X G ⊆ X × X be the orbit equivalence relation, given by xE
The topological Vaught conjecture states that if G is a Polish group and X is a Polish G-space, then either X has at most ℵ 0 many orbits or E X G has a perfect set of equivalence classes. The topological Vaught conjecture for G is the statement that this dichotomy holds for any Polish G-space. Although this paper contains some partial results for particular choices of G, the general conjecture remains totally open. Note that by 1.2, the conjecture is trivially satisfied when E X G is Borel, as is a weak version of the Glimm-Effros property. However, in general it can be Σ 1 1 and non-Borel, and it is known that there can be examples of Σ 1 1 equivalence relations with exactly ℵ 1 many classes; therefore, any general proof of Vaught's conjecture must, like the arguments in this paper, do more than appeal to the logical complexity of E X G . We should also note that since [So] shows that even for abelian Polish G we can have E X G non-Borel, the special cases of Vaught's conjecture proved in §2 and §3 cannot be reduced to 1.2.
1.5 Definition. Let G be a Polish group. We will say that G has the Glimm-Effros property if whenever X is a Polish G-space,
Theorem (Effros). If G is Polish locally compact, then G has the GlimmEffros property.
( See [Ef] .)
We should point out that definition 1.5 is due to us, and neither Glimm nor Effros. It is well known and easly checked that the Glimm-Effros property for G implies the topological Vaught's conjecture for G. Not all Polish groups have the Glimm-Effros property even in the weaker forms suggested by [HaKeLo] ; the reader can find a counterexample in [HjKe] , as well as a proof of a distantly related dichotomy theorem that holds for arbitrary Polish G. What one can prove is the following, which in turn becomes the basis for §3. (Becker-Kechris) . Let G be a Polish group and X a Polish G-space.
Theorem
( See [BeKe2] .)
1.7 should be compared with the following theorem. We will in fact use both results. (Effros) . Let G be a Polish group and let X be a Polish G-space. Then for any x ∈ X, the following three things are equivalent: [Ef] .)
The other theorem by Becker and Kechris that we will need states that there is little difference between Polish G-spaces and Borel G-spaces when G is a Polish group. This will be crucial for us in §2 when we complete the inductive step at 2.5. (Becker-Kechris) . Let G be a Polish group and X a Borel G-space. Then there is a Polish topology for X, compatible with the Borel structure on X,
The proof of 1.9 gives the following important corollary, also explicitly noted by Becker and Kechris. (Becker-Kechris) . Let G be a Polish group and X a Polish G-space. Let τ 0 be the Polish topology on X. Let A ⊆ X be invariant and Σ 0 α , some α < ω 1 . Then there is a Polish topology τ 1 on X, refining τ 0 , such that (i) A is clopen in τ 1 ; (ii) there is a countable basis B for τ 1 such that every U ∈ B is Σ 0 α+n , with respect to τ 0 , for some n ∈ N; (iii) the action of G on X remains continuous with respect to the new topology.
It is a classical fact, recalled in [Sa] , that a countable increasing sequence of Polish topologies again generates a Polish topology. In this respect one could envisage a situation where we apply 1.10 to a sequence (A i ) i∈N of Borel sets, so that
We will indeed need to perform this kind of construction in §3 when we obtain as a corollary of the main result that there are no properly Π 0 λ+1 orbits in actions by nilpotent or invariantly metrizable groups. In order to lay the groundwork for this application, we recall the notion of Vaught transforms.
1.11 Notation. Let G be a Polish group and X a Borel G-space. Let A ⊆ X be Borel and let U ⊆ G be open. A ∆U refers to the set of x ∈ X such that for a non-meager collection of g ∈ U we have g · x ∈ A. A * U refers to the set of x ∈ X such that for a co-meager in U collection g ∈ U we have g· ∈ A. The sets A * U and
It is easily seen that A ∆G and A * G are always invariant.
Vaught's conjecture for nilpotent Polish groups
In this section we show that the topological Vaught's conjecture holds for nilpotent Polish groups acting in a Borel fashion on a Polish space. Actually, what we really show is somewhat more general -both in covering a class of groups somewhat more general than nilpotent and in covering a class of spaces somewhat more general than Polish. It will be convenient to first give a definition and a lemma.
2.1 Definition. Let Γ be some point class and let G be some Polish group. Then TVC(G, Γ) indicates that whenever X is a Borel G-space and A ⊆ X is invariant and in Γ, then A has either countably many or perfectly many orbits. We write TVC(G) for TVC(G, Borel).
Lemma. Let G be a Polish group and X a Polish
Proof. First note the following general fact:
Proof of claim. Fix a complete metric d on X. To say that g i · a is Cauchy is Π 0 3 , and so the existence of a limit point is Π 0 3 . For z the limit, we have that a is the limit of h i · z if and only if
This is Π 0 5 . It is easily checked that for C closed and z = lim
This completes the proof of the claim in the case that β = 0. Now the claim for arbitrary C ∈ Π 0 β+5 (β < ω 1 ) follows by induction on β.
( claim)
VAUGHT'S CONJECTURE
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To finish the proof of the lemma, let us next suppose that (g i ) i∈N , (h i ) i∈N are included in the center of G,
by the definition of the center and the continuity of the action. If we take A = G·x, then the lemma follows from the claim.
We will also need an observation due to Ramez Sami. (Sami) . Let G be a Polish group and X a Borel G-space. Let α be a countable ordinal. Define F to be an equivalence relation on X given by
Lemma
We refer the reader to [Sa] for the proof. It might be worth remarking, however, that 2.3 is proved by the use of Vaught transforms and the fact that it is uniformly Borel in the code for B, a Π 0 α set, to say that x ∈ B * G 2.4 Corollary (Sami) . Let G be a Polish group and X a Borel G-space. Let α be a countable ordinal and A ⊆ X a Σ 
, by 2.3, so if E has more than ℵ 0 many equivalence classes then it follows by Silver's theorem for Π 1 1 equivalence relations that there will be some perfect set of E-inequivalent reals, B 0 ⊂ B. Then its image under f must again contain a perfect set by the perfect set theorem for Σ 1 1 (see [Ke, p. 226] ).
Keep in mind that Z(G), the center of G, is closed in any topological Hausdorff group. Therefore, if G is Polish, so is G/Z(G).

Theorem. If G is a Polish group, then TVC(G/Z(G),
Proof. Suppose TVC(G/Z(G), Σ 1 1 ), and let X be a Borel G-space. Let A ⊆ X be Σ 1 1 with less than perfectly many orbits. We assume A has exactly ℵ 1 many orbits and try to find a contradiction. Following [BeKe1] or [BeKe2] , we can equip X with a compatible topology τ so that τ generates the original Borel structure on X and (X, τ ) is a Polish G-space. For x ∈ X, let F (x) = Z(G) · x, with the topological closure taken in (X, τ ). Let F (X, τ ) be the Borel space of closed sets in (X, τ ) -the fact that this is a standard Borel space is discussed in [Ke, p. 75] .
by continuity of the action. For F ∈ F (X, τ ) and h ∈ G, let h · F = {h · z : z ∈ F } be the translation of F by h. It is easily seen that F (X, τ ) becomes a Borel G-space under this action. 
Claim (i): For x ∈ X, and h
∈ G, h · F (x) = F (h · x). Proof of claim. Note that h · Z(G) · x = Z(G) · h · x by the definition of Z(G) as the center. Then h · Z(G) · x = Z(G) · h · x by continuity of the action. ( claim) Claim (ii): ∃D ⊆ F (X, τ ), D ⊇ {F (x) : x ∈ X}, D ∈ ∆ 1 1 , D G-invariant, such that ∀g ∈ Z(G)∀F ∈ D(g · F = F ).
Proof of claim. Let
Repeating the argument, we find that
Thus D is a Borel G-space. In some natural sense it is also a Borel
Again by claim (i) and the assumption that A has less than perfectly many orbits, it must be the case that A * has at most ℵ 0 many orbits, in light of TVC(G/Z(G), Σ 1 1 ) applied to D viewed as a Borel G/Z(G)-space. So we can assume without loss of generality that A * consists of just one orbit, so that for all x, y ∈ A,
But now if we fix a single y ∈ A and suppose that G · y ∈ Π 0 α , then it follows from this and 2.2 that for all x ∈ A we have G · x ∈ Π 0 α+5 . Hence, by 2.4, E X G has at most ℵ 0 many equivalence classes in A after all.
Corollary. If G is nilpotent Polish, then TVC(
Proof. By induction on the length of the central series. In the trivial case of G = {1} the result follows from the perfect set theorem for Σ 1 1 (see [Ke] ). The inductive step follows by 2.5.
It is worth mentioning in passing that the proof of 2.5 will work for pointclasses more general than Σ 1 1 in the presence of determinacy assumptions. For instance, if PD (the axiom of Projective Determinacy) holds, then for any nilpotent Polish G and n ∈ N we obtain TVC(G, Σ 1 n ). The point is that if X is a Borel G-space and A ⊆ X is Σ 1 n , with fewer than perfectly many orbits, then by the argument in 2.5 and our inductive assumption of TVC(G/Z(G), Σ 1 n ), we obtain that there is some γ < ω 1 such that ∀x ∈ A(G · x ∈ Π 0 γ ). Since A has fewer than perfectly many orbits, we can well-order the equivalence classes by Theorem 5 of [HaSa, p. 258] ; but by the PD version of Theorem 4.5 of [Ha, p. 690] there is no projective ℵ 1 -sequence of Π 0 γ sets, so A can have at most ℵ 0 many orbits. As another application, 2.5 gives TVC(G× H, Σ 1 1 ) whenever G is locally compact and H is nilpotent. It follows from 2.4 and Silver's theorem that we must have TVC(G, Σ 1 1 ), where G is locally compact.
The Glimm-Effros property
In this section we prove that if G is nilpotent Polish or Polish with an invariant metric, G satisfies the Glimm-Effros property: If X is a Polish G-space, and E X G is the induced orbit equivalence relation, then either
Glimm originally proved this for G and X locally compact, and this was later extended by Effros to the case of G Polish and E X G ∈ F σ . However, there is one important difference between that case and this one. Here our assumptions on the action are not sufficient to guarantee that E X G should be Borel, and for this reason we found the discovery of the Glimm-Effros property, even for G abelian Polish, to be unexpected. So while it follows from the results of [So] that E X G may be non-Borel in the case of G abelian, it follows by the results here that this only happens when the orbit structure is extremely complicated -for instance, there is an E X G -ergodic Borel probability measure that takes the value zero on each orbit. (See [HjKe] for discussion of when such measures exist.)
Another consequence of the results in this section is that no minimal action of a Polish abelian group can have exactly two orbits or even exactly α many for 2 ≤ α ≤ ℵ 0 ; recall that an action is minimal if every orbit is dense. This is reminiscient of Vaught's theorem that no countable complete first order theory can have precisely two models up to isomorphism. The analogy is suggested by the observation, from say [Be] , that the set of countable models with a given first order theory corresponds exactly to the set of orbits in a Polish S ∞ -space that have a corresponding closure in the topology generated by first order logic.
A further consequence of the results below that has no meaningful parallel in the locally compact case is in the direction of calculating possible Borel complexities of a single orbit. While in the locally compact case we must have every orbit F σ , in the abelian case there is no such bound on the possible complexity. For this reason it is perhaps somewhat surprising to discover that if G is abelian, or nilpotent, or with an invariant metric, and X is a Polish G-space, then for no x ∈ X, λ a countable limit ordinal, can G · x be properly Π 0 λ+1 . It is known that in the case of more complicated Polish groups, such as S ∞ , one can have properly Π 0 λ+1 orbits; see [Mi] .
GREG HJORTH AND SLAWOMIR SOLECKI
Finally, as the Glimm-Effros property implies Vaught's conjecture, the results below imply Vaught's conjecture for Polish groups with an invariant metric. This is easily checked, since if E 0 c E X G , then a routine argument provides a perfect set of E X G -inequivalent reals, while if E X G is G δ , or even just Borel, then [Si] shows that there are either ≤ ℵ 0 many orbits or a perfect set of inequivalent reals. In either case, Vaught's conjecture holds. In fact, one obtains Vaught's conjecture for the more general class of groups isolated in the statement of 3.1.
Before giving 3.1, it might be helpful to recall the definition of the central series for a group G. Let Z 0 = {1}, and let Z k+1 be the pre-image of the center of G/Z k by the natural homomorphism G G/Z k . The sequence (Z k ) k∈N is the central series of G. Each Z k is a normal subgroup of G, and when G is a Hausdorff topological group we have that each Z k is closed. It is worth remarking that there are two important classes of groups covered by the theorem above: Polish groups admitting an invariant metric (take k 0 = 0), and nilpotent Polish groups (choose k 0 least so that Z k0 = G). We will need to prove some lemmas before returning to the proof of 3.1. 
Lemma. Let X be a Polish
Proof. First, we observe that it is enough to find g i ∈ G, i ∈ N, with g i x 0 −→ i y and g i /H −→ i g/H for some g ∈ G. Indeed, if this holds, we can find g 
Let d H be a metric on G/H as in the hypothesis. Let {V i : i ∈ N} be a neighborhood basis at 1 for the topology on G,
− , for some fixed > 0. By Effros' theorem, each V i ·x 0 is open in G·x 0 , so, by taking subsequences as necessary, we can assume that h i g j ·x 0 ∈ V i ·x 0 for j ≥ i. Thus there are sequences c
But now by the right invariance of d H with respect to elements in G x0 /H we get
So, without loss of generality, after replacing g i by 
Lemma. Let G be a Polish group and let X be a Polish
Proof. By continuity, it is enough to check that Z k−1 , H Z k , H and that
3.5 Lemma. Let G and k 0 be as in 3.1. Let X be a Polish G-space. Assume x, y ∈ X with G · x = G · y and G · x ∈ G δ . Then G · x = G · y.
Proof. We will recursively construct x k ∈ X, for k = k 0 , k 0 − 1, · · · , 0, so that (i) x k ∈ G · x; So we have that G · x is G δ in (X, τ 0 ). Hence, by 3.5, for all y in X, G · x = G · y if and only if they have the same closure with respect to τ 0 . Thus, since B 1 is a basis for τ 0 , we have that for all y ∈ X
Since the action of G is continuous with respect to τ 0 , this is equivalent to ∀B ∈ B 1 (x ∈ B ∆G ⇔ y ∈ B ∆G ).
Thus B 0 = {B ∆G : B ∈ B 1 } is as required.
The next corollary states that this already implies that no orbit can be properly Π More recently it has been shown in [HjKeLo] that for any λ as above we can have an abelian Polish G and a Polish G-space X such that for some x ∈ X it is the case that G · x is properly Σ 0 λ+1 in the sense that G · x ∈ Σ 0 λ+1 \ Π 0 λ+1 . We will note in section 4 that one can have an orbit that is properly G δ , for an abelian Polish group action.
Some examples and counterexamples
Example.
Here we present an example of a Polish group and a continuous action of this group on a Polish space which does not fulfill the Glimm-Effros dichotomy. Actually, the dichotomy is violated in the strongest possible form: the action has two orbits both of which are dense. The group and the action are simple enough to refute some natural generalizations of Theorems 3.1 and 3.6. As was shown by these results, the Glimm-Effros dichotomy holds for (i) actions of nilpotent Polish groups;
